We review the basic elements of the geometrical formalism for description of gauge fields and the theory of invariant connections, and their applications to the coset space dimensional reduction of Yang-Mills theories. We also discuss the problem of classification of principal fibre bundles, which is important for the quantization of gauge theories. Some results for bundles over two-dimensional spaces are presented.
Introduction
Nowadays it is a well established fact that the four known fundamental interactions of nature -the electromagnetic, weak, strong and gravitational -are gauge type interactions (see, for example, [12] ). This explains the importance of gauge field theories which have been the object of intensive physical and mathematical studies in the last decades.
In the present paper we review some results from differential geometry and algebraic topology which are important for gauge theories. In particular, we discuss invariant connections in principle fibre bundles. This class of connections includes some monolope and instanton solutions and is used for description of the gauge theories iimensional base spaces. As we will show, the problem of classificatimportant for the functional integral formulation of quantum gauge theories.
The form of the Lagrangian describing quarks and leptons is postulated to be locally gauge invariant, i.e. invariant with respect to local group transformations induced by some group G called the gauge group. In models of particle physics G is usually assumed to be a compact Lie group. Let us denote its Lie algebra by G. The adjoint actions of the group G on itself and on its Lie algebra are defined in the standard way: for every element g ∈ G we have h → ghg −1 for any h ∈ G, (1) X → ad(g)X ≡ gXg −1 for any X ∈ G.
Schematically a theory of gauge interaction is constructed as follows. Let M be a Riemannian manifold of dimension D describing the space-time and let γ be a metric on it. In the local coordinates {x µ } it is characterized by the metric tensor γ µν , where µ = 0, 1, 2, . . . , D−1. Suppose that ψ(x) is a matter field, i.e. a field describing a lepton or a quark, and its dynamics is described by a Lagrangian L m (ψ, ∂ µ ψ) including only the field function and its first derivatives. Depending on its physical characteristics (electric charge, leptonic charge, baryonic charge, etc.) the field transforms according to certain representation ρ: for g ∈ G ψ(x) → ρ(g)ψ(x).
The Lagrangian L m (ψ, ∂ µ ψ) is built to be invariant under such global transformations. This invariance corresponds to the conservation of charges associated to the gauge symmetry. However, as we already said above, the theory is postulated to be invariant under local gauge transformations, i.e. under transformations (3) with g which is a G-valued function g(x). An immediate consequence of this is that in order to realize such invariance one has to introduce a vector function A µ (x) with values in the Lie algebra G of G defined locally, i.e. for each chart of the manifold M. It is called the gauge potential or gauge field. This is the field mediating the interaction of the matter particles ψ(x). Under local gauge transformations A µ (x) and ψ(x) transform as follows:
The Lagrangian of the theory, invariant under such transformations, is given by
where L Y M is the Yang-Mills Lagrangian, or pure gauge theory Lagrangian, invariant under (4), and
is the covariant derivative. Here ρ ′ is the representation of the Lie algebra G corresponding to ρ. It can be checked that Lagrangian (6) is invariant under simultaneous gauge transformations (4), (5) . The matter fields interact through the field A µ (x) by exchanging quanta of this field. Thus, the form of the interaction, given by D µ (A), is determined by the local gauge invariance. Configurations (A µ , ψ) and (A ′ µ , ψ ′ ) related by (4), (5) are equivalent from the physical point of view and describe the same state of the system. In practical applications in order to fix this ambiguity one chooses a representative at each orbit of the gauge group action by imposing a gauge fixing condition. An example of such condition is the Lorentz gauge: ∂ µ A µ (x) = 0, which is widely used in calculations of elementary particle processes.
In the present article we focus on the gauge part of the action
Here e is a gauge coupling or charge, a numerical constant characterizing the intensity of the interaction, < ·, · > is the Killing form in G and the gauge field tensor F µν is defined as
For example, the Maxwell electrodynamics is described by action (8) with the abelian gauge group G = U(1), A µ is the electromagnetic potential describing photons. In the case of the Weinberg-Salam-Glashow model, unifying the electromagnetic and weak interactions, the gauge group is non-abelian and is equal to G = SU(2) × U(1), certain combinations of the A µ fields describe the W ± -bosons, Z-boson and photon.
The plan of the article is the following. First we discuss the geometrical formalism for the description of the gauge field. Then we introduce the notion of invariant connection and review main results on their classification. We also outline the application of these results to the dimensional reduction of multidimensional gauge theories and present a concrete example of invariant connection. Finally, we discuss briefly the classification of fibre bundles which is relevant for the quantization of gauge theories.
Geometrical formalism for description of gauge theories
The formalism sketched in the previous section is the one usually used in perturbative calculations of concrete physical processes and effects in the theory of particle interactions. However, some properties of the gauge theories are intimately related to the geometrical and topological structure of the space-time manifold and of the gauge group and are not accessible within the perturbation theory expansion. Instanton and monopole solutions, a complicated structure of the vacuum states, and Chern-Simons models are only few examples of this kind [8] .
To study such properties of gauge theories another formalism turns out to be more adequate. We describe it in this section.
Let us introduce first the gauge 1-form A = A µ dx µ for each chart of the space-time manifold M. Local gauge group transformations (4) are written then as
where ad is the adjoint action of the Lie group G on its Lie algebra defined by Eq. (2). Yang-Mills action (8) can be written as
where the 2-form F is determined by the gauge field tensor F µν :
and * denotes the Hodge star operation with respect to a given metric γ on M.
A coordinate independent (and mathematically more elegant) description of gauge field is obtained within the geometrical formalism (see, for example, [10] , [11] , [27] , [33] ). The basic ingredients are the principal fibre bundle P = P (M, G) with the base being the space-time manifold M and the structure group being the gauge group G (see, for example, [19] , [21] ). Let us denote the (free) action P → P of the structure group on P by Ψ g (g ∈ G) and the canonical projection P → M by π. By definition, the principal fibre bundle is locally trivial, i.e. every point x of M has an open neighborhood
The action Ψ g of the structure group G on P defines an isomorphism σ of the Lie algebra G of G onto the Lie algebra of vertical vector fields on P tangent to the fibre at each p ∈ P .
Depending on the base space and structure group the bundle P admits certain connections. Gauge fields are described by the connection 1-forms w of the connections in P . To establish a relation with the formalism in terms of gauge potentials or gauge 1-forms, described above, one chooses a local section s over each open set U of an open covering of the manifold M, s : U → π −1 (U) ⊂ P . Choosing a family of sections for an open covering of M corresponds to choosing a gauge condition. Then the G-valued gauge 1-form A (s) on U is the pull-back of the connection 1-form w on P with respect to the section s: A (s) = s * w. The 2-form F in Eq. (10), (11) is calculated as F (s) = s * Ω, where Ω = Dw is the curvature 2-form of the connection form w.
It is instructive to see this relation in more detail. For this let us consider local coordinates {x µ } on U and the local basis of vector fields ξ µ = ∂ µ ≡ ∂/∂x µ . Suppose now that a is a fixed element of the structure group G and define a section s a over U as follows: for any x ∈ U s a (x) = χ −1 (x, a) ∈ π −1 (U). We denote by (ξ µ ) χ −1 (x,a) the vector field s ′ a ξ µ tangent to the submanifold χ −1 (U, a) of P and by (dx
It can be checked that the connection 1-form w, which corresponds to the gauge potential A sa µ (x) on U, is equal to
where σ is the mapping from G onto the Lie algebra of vector fields on P mentioned above. The canonical part w 0 of the connection form is given by the canonical G-valued left invariant 1-form θ on group G and the mapping ϕ : π −1 (U) → G which forms part of the diffeomorphism χ introduced earlier: w 0 = φ * θ. When the group G is realized by matrices w 0 is often written as
Eq. (12) gives the explicit (local) expression of the connection 1-form in terms of the gauge potential A sa µ in the gauge corresponding to the section s a . In this way A sa µ determines the connection in P . For example, the horizontal lift ξ * µ of the vector field ξ µ is equal to ξ *
. Suppose now that s is a local section in P over U and g(x) is a G-valued function on U. Then t(x) = Ψ g(x) s(x) (x ∈ U) defines another section in P . By straightforward calculation one can show that the gauge potentials defined by these two sections are related by gauge transformation (4) with the function g(x):
Thus, indeed, the choice of a local section U → π −1 (P ) corresponds to the gauge fixing in the "physical" formalism described in the Introduction. Changing from one section to another is equivalent to a gauge transformation and to changing the gauge fixing condition. Non-existence of a global cross section of a non-trivial fibre bundle P (M, G) means the impossibility to introduce the gauge fixing globally. We are forced to use a local description of the gauge theory. Contrary to this, the connection 1-form w exists globally. It contains all the information about the gauge field configuration in the theory. Therefore, the fibre bundle P (M, G) and w are the objects which define completely the gauge theory within the geometrical approach.
Invariant connections and dimensional reduction
The Standard Model, which describes the electromagnetic, weak and strong interactions, has been successfully tested in recent particle experiments. However, there is a number of important problems which has to be resolved and which call for consideration of more general theoretical schemes and ideas beyond the Standard Model. One of such approaches, called the Kaluza-Klein approach, is based on the hypothesis that the space-time has more than four dimensions with extra dimensions being a compact space of small enough size R. Then the dynamics of elementary particles is defined by a fundamental multidimensional theory, but at a larger scale the additional dimensions are not seen directly and reveal themselves in an indirect way through quantum effects. This hypothesis does not contradict the observational data if R < 10 −17 cm. By a certain procedure called dimensional reduction a multidimensional theory can be interpreted in four-dimensional terms, thus giving rise to an effective theory on the four-dimensional space-time.
Examples, interesting both from physical and mathematical points of view, are given by gauge theories on manifolds M = M 4 × K/H, where M 4 is the macroscopic four-dimensional space-time (for example, the Minkowski space-time) and the space of extra dimensions is a compact homogeneous space realized as a coset space K/H, where K and H are compact Lie groups. Within the geometrical approach such gauge theory is described by connection forms on the principal fibre bundleP = P (M, G), where, as before, G is the gauge group.
The group K acts on K/H naturally: for k ∈ K and for any point y = [k 1 ] ∈ K/H, understood as a class of the coset space K/H, the transformation is given by y → ky = [kk 1 ]. We assume that K acts trivially on points of M 4 . Therefore, the action of K on M, which we denote by O k , can be written as O k (x, y) = (x, ky) for (x, y) ∈ M 4 × K/H. Moreover, we assume that this action can be lifted to the fibre bundleP as a left bundle automorphism 1 . Let us denote this action by L k . It fulfills the following properties:
It is said that K is a symmetry group of the gauge theory. The transformations L k and O k are related by the following formula:
where π is the canonical projection inP . If we denote by o the origin of the coset space K/H, i.e. the class o = [e] = H containing the group unity e, thenM 4 = M 4 × {o} is the submanifold formed by the stable points of the subgroup H. A connection invariant under the action of the symmetry group K, or a K-invariant connection in the fibre bundleP is defined as a connection whose connection formŵ satisfies the condition L * kŵ =ŵ.
The invariant connections are interesting from the point of view of differential geometry. As we will see shortly, they are of special importance for the problem of dimensional reduction of gauge theories. For consistence one should also consider metricsγ on M which are K-invariant:
In this case we say that the gauge theory is K-invariant. Let us discuss the symmetry of gauge potentials which correspond to the invariant connections. Suppose that U is an open set of a covering of the space-time manifold M, s : U →P is a local section ofP , andÂ = s * ŵ is the gauge 1-form on U.
where ρ k is a map U → G defined by the relation
for anyx = (x, y) ∈ U. Gauge fields satisfying relation (17) are called symmetric gauge fields. They were first introduced and studied in papers [37] , [29] . In Refs. [29] the relation between the symmetric gauge fields and the invariant connections was established and a classification of static spherically-symmetric fields in the threedimensional space was given. From Eq. (17) it follows that for symmetric gauge fields the action of the group K is equivalent to a gauge transformation. Since Yang-Mills Lagrangian (8) or (10) is gauge invariant, being calculated on symmetric gauge fields it does not depend on points of K/H and, therefore, is actually a Lagrangian of an effective theory on M 4 only. This feature is the basis of the method of dimensional reduction of the sector of symmetric gauge fields called the coset space dimensional reduction (CSDR). In order to construct this effective theory one should express Ksymmetric gauge fields on M in terms of fields on M 4 and then calculate the YangMills action of the initial theory in terms of these new four-dimensional fields. In this article we consider the first part of this construction. We will follow Refs. [24] , [34] . In differential geometry it is usually referred to as the problem of classification of invariant connections. The invariant connections in the mathematical context were studied by Wang in Ref. [35] , main results can be found in book [21] . In the context of physical gauge theories they were extensively studied in a number of papers [13] , [18] (see [24] , [20] for reviews). We consider the case when K and H are compact groups. Then the homogeneous space is reductive, i.e. the Lie algebra K of K may be decomposed into a vector space direct sum of the Lie algebra H of H and an ad(H)-invariant subspace M, that is
The second property implies that [H, M] ⊂ M.
Let us denote the portion ofP overM = M 4 × {o} ∼ = M 4 asP ,P = π −1 (M ) ⊂P . Since transformations O h , h ∈ H, act trivially onM, the transformations L h act onP as vertical automorphisms. Therefore, for anyp ∈P there exists a map τp :
It can be easily shown that τp is a homomorphism of H.
Now let us characterize a K-invariant formŵ onP . We denote the inclusion map P →P by i e . Thenw = i * eŵ is a connection 1-form onP invariant under the action of the group H:
This form coincides withŵ in points ofP and on vector fields tangent to this subbundle. The values ofŵ on other vector fields are given by a G-valued 1-form on K defined by αp ≡ i * pŵ , where the map ip : K →P is induced by the K-action onP as follows: ip(k) = L kp . It can be shown that since αp is K-invariant it is equal to αp = Λp(θ), Λp : K → G, where θ is the canonical left invariant 1-form of K. The map Λ : K → G is equivariant, i.e. it satisfies the property
Since the homogeneous space K/H is reductive it is enough to specify the map Λp for each component of decomposition (18) . Its restriction to H coincides with the differential τ ′ p of the homomorphism τp defined in (19) :
whereas its restriction to M is given by some map φp : M → G which is equivariant:
(cf. (21)).
We have obtained that the K-invariant formŵ is in one-to-one correspondence with the H-invariant connection 1-formw onP and the mapping φp. The formw characterizes the formŵ on the space of orbits of the group G inP , whereas the mapping φp characterizesŵ along the G-orbit passing throughp. Since the formw is still H-invariant further reduction of the fibre bundle can be carried out, namely the reduction of the structure group. This can be done in the following way. Since the structure group acts freely in each fibre, any two pointsp,p ′ of the same fibre are related by a vertical transformation Ψ g for some g ∈ G. Because of this the homomorphisms at these points are conjugate to each other:
for all h ∈ H. Let us fix a pointp 0 inP and define
Finally, we denote by P all points p of the fibre bundleP for which τ p = τ . It can be shown that P is a principal fibre bundle with the base M 4 and the structure group H) ) is the centralizer of the subgroup τ (H) in G,
It can be shown that the restriction of the formw to P (M 4 , C),w| P = w, is a connection 1-form on P . It takes values in the Lie algebra C of the group C, as it should be. Now we summarize the main result on the classification of invariant connections. Any K-invariant connection formŵ onP (M 4 ×K/H, G) is in one-to-one correspondence with the pair (w, φ p ) in the reduced bundle P (M, C), where w is an arbitrary, i.e. free of additional constraints, connection 1-form in P and φ p is a linear equivariant mapping φ p : M → G satisfying property (22) . The explicit relation betweenŵ and (w, φ p ) has been described above.
Let us see how this result is written in terms of symmetric gauge fields. For this we take an open set U = U M 4 × U K/H of an open covering of M and a local section s : U →P given by the formula
where s 1 : U K/H → K and s 2 : U M 4 → P . If s 1 and s 2 satisfy certain natural conditions, then the K-symmetric gauge fieldÂ, corresponding to the K-invariant connection form w onP , is equal toÂ
where, as before, θ is the canonical left invariant 1-form of the group K. Using the properties discussed above the K-invarinat gauge field can be written aŝ
Here A = s decomposition (18) . Formula (23) describes a most general K-symmetric gauge field on M. This is basically Wang's result on classification of K-invariant connections written in terms of forms on the base of the fibre bundleP (M, G). One can also obtain a general formula for the curvature 2-formΩ = dŵ + 1 2
[ŵ,ŵ] of the invariant connection or for the gauge 2-formF of the symmetric gauge field. Thus, 
(cf. (7)).
To obtain a complete parametrization of invariant connections or symmetric gauge fields one has to resolve constraint (22) and construct the mapping φ x . This constitutes the second, algebraic part of the CSDR, or, equivalently, of the classification problem, and is not considered here. Its solution can be found in Refs. [24] , [34] . Here we only mention that the main idea is to interprete constraint (22) as an intertwining condition and φ x as the intertwining operator which intertwines equivalent representations of the group H in M and G. Thus, to construct such operator one has to decompose the linear space M into the irreducuble representations of H and G into irreducible representations of τ (H) and then use Schur's lemma to construct the most general intertwining operator.
Within the gauge theory the result on classification of invariant connections can be interpreted as follows. A Yang-Mills theory on the multidimensional space-time M = M 4 × K/H with the gauge group G considered on K-symmetric gauge field is reduced to a theory on the four-dimensional space-time M 4 with the gauge group C ⊂ G which includes a gauge field A and scalar fields generated by the mapping φ x . The action of the reduced theory can be calculated from Yang-Mills action (10) explicitely using representations (23), (24) . The concrete form of the reduced action, for example the scalar multiplets, the form of the potential of the scalar fields and explicit expressions of the parameters in terms of the multidimensional gauge coupling and the size of the space of extra dimensions depend on the geometry of the homogeneous space K/H, the homomorphism τ : H → G and some other properties of the groups G and K. Results of detailed studies of these features, as well as a number of interesting examples are presented in Refs. [20] , [24] . In particular, it was proved that if the space of extra dimensions is a symmetric homogeneous space K/H, then the scalar potential of the reduced theory is always a Higgs type potential and leads to the spontaneous symmetry breaking [23] , [25] . We would like to mention that the invariant connection can also be defined and constructed using the formalism of Lie derivatives with respect to the Killing vectors of the extra dimensional metric (see Ref. [20] ).
One of possible developments of the formalism of invariant connections would be its extension to the case of more general space-time, in particular to the case of orbifolds.
Multidimensional models on M 4 × S 1 /Z 2 with a part of physical fields localized on branes situated at the fixed points of the orbifold S 1 /Z 2 are of much interest due to their promissing physical properties. Another interesting problem to address is the calculation of characteristic classes for invariant connections.
Example of invariant connection
As an illustration of the general construction explained in the previous section we will consider the invariant connections in the Yang-Mills theory with the gauge group SU(2) on the two-dimensional sphere S 2 . This example is taken from Ref. [1] .
The sphere is realized as a coset space S 2 = K/H = SU(2)/U(1). First, let us construct the 1-formsθ H andθ M which appear in Eq. (23) . We parametrize the sphere by angles ϑ and ϕ (0 ≤ ϑ ≤ π, 0 ≤ ϕ < 2π) and cover it with two charts (U 1 , Φ 1 ) and (U 2 , Φ 2 ) with the open sets U 1 and U 2 chosen as U 1 = S 2 − {South pole} and U 2 = S 2 − {North pole}, (26) and Φ 1 , Φ 2 given by means of corresponding stereographic projections.
As generators of K = SU (2) we take Q j = σ j /2i (j = 1, 2, 3), where σ j are the Pauli matrices. Let the subgroup H = U(1) be generated by Q 3 . Then the one-dimensional algebra H is spanned by Q 3 , and the vector space M in (18) is spanned by Q 1 and Q 2 . Consider now the decomposition of the algebra K, which is the complexification of the Lie algebra of the group K = SU(2). We denote by e α and e −α the root vectors and by h α the corresponding Cartan element of this algebra (see, for example, [16] ) and take
where Ad denotes the adjoint action of the algebra:
. Then H = Ch α and M = Ce α + Ce −α , and the decomposition of the vector space M into irreducible invariant subspaces of H is described by the following decomposition of the representations:
where in the right hand side we indicated the eigenvalues of Ad(h α ), and the space M of the reducible representation is indicated by its dimension in the left hand side. We choose the local representatives k (j) (j = 1, 2) of points of the neighbourhood U j of the coset space S 2 = SU(2)/U(1) as follows The functions k (i) : U i → SU(2) can also be viewed as local sections of the principal fibre bundle K = P (K/H, H) over the base K/H = S 2 with the structure group H = U(1). By straightforward computation one obtains the formsθ H andθ M :
To construct the invariant connection on M = S 2 we apply general formula (23) . Of course, since in the example under consideration the subspace M 4 is absent one should put A = 0.
First, let us specify the homomorphism τ : H = U(1) → G = SU (2) . Let E α , E −α and H α be the root vectors and the Cartan element of the algebra G = A 1 , which appears as complexification of the Lie algebra of G = SU(2). We assume that they are given by the same combinations of the Pauli matrices as the corresponding elements of complexified Lie algebra of K = SU(2) described above. The group homomorphism τ is given by the expression τ e i σ 3 2
and it is easy to check that this definition is consistent if κ is integer. Therefore the homomorphisms are labelled by n ∈ Z. Let us denote them by τ n . The induced algebra homomorphism is given by τ
The three-dimensional space G of the adjoint representation of A 1 decomposes into three 1-dimensional irreducuble invariant subspaces of τ ′ n (H) and the decomposition is characterized by the following decomposition of representations:
(in brackets we indicate the eigenvalues of Ad(τ ′ n (h α ))). Let us now compare decompositions (27) and (31) . For n = ±1, 0 there are no equivalent representations in the decomposition of M and G and the intertwining operator φ : M → G is zero. It also turns out to be zero for n = 0. In these cases according to (23)
If n = 1 or n = −1 the results are more interesting. Let us consider the case n = 1 first. Comparing (27) and (31) we see that there are pairs of representations with the same eigenvalues and, therefore, the intertwining operator φ is non-trivial. It is determined by its action on the basis elements of M:
where f 1 , f 2 are complex numbers. The fact that the initial groups and algebras are compact implies a reality condition [24] which tells that f 1 = f * 2 . Thus, the operator φ and the invariant connection are parametrized by one complex parameter f 1 (we will suppress its index from now on). Using Eqs. (28), (29), (30) and (33) we obtain from (23) that
A
The curvature form F = dA + 1 2
[A, A] is described by the unique expression on the whole sphere and is equal to
Action (10) evaluated for such configuration on M = S 2 is equal to
where R is the radius of the sphere. Due to the K-invariance any extrema of the action found withing the subspace of invariant connections is also an extremum in the space of all connections [24] . From Eq. (37) we see that there are two types of extrema in the theory: the maximum at f = 0 and the minima at f satisfying |f | = 1. Only one of them, the trivial extremum, was found in Ref. [28] as a spontaneous compactification solution in six-dimensional Kaluza-Klein theory. A similar situation takes place for κ = −1. Again there exists a 1-parameter family of invariant connections parametrized by a complex parameter, say h, analogous to f . The action possesses two extrema: at h = 0 and for |h| = 1.
It turns out that potentials (32) , (34) and (35) are related to known non-abelian monopole solutions in this theory. Namely, for n = ±1 and for n = ±1 with f = 0 these expressions coincide with the monopole solutions with the monopole number κ = n. In fact the solution with κ = n > 0 can be transformed to the solution with κ = −n by a gauge transformation A → S −1 AS with the constant matrix S = −iσ 1 . Eqs. (32) and Eqs. (34) and (35) with f = 0 describe all the monopoles in the SU(2) gauge theory [15] . As it was shown in [5] , [9] , all of them, except the trivial configuration with n = 0, are unstable. This is in accordance with the topological classification of monopoles by elements of π 1 (G) and also agrees with the fact that there is only one bundle (up to equivalence) with the base space S 2 and the structure group SU(2). The latter will be shown in the next section.
Thus, all the monopoles are described by connections in the trivial principal fibre bundle P (S 2 , SU (2)) and can be represented by a unique form on the whole sphere [7] . This is indeed the case. Namely there exist gauge transformations, different for U 1 and U 2 patches, so that the tranformed potentials coincide. Let us demonstrate this for the case n = 1. In fact this property is true for the whole family of the invariant connections (34), (35) . The group elements of these gauge transformations of the potentials on U 1 and U 2 are
By calculating
i dV i for i = 1 and i = 2 one can easily check that the transformed potentials are equal to each other and are given by
where
Note that in general expressions (34) , (35) and (38) the phase of the complex parameter f can be rotated by residual gauge transformations which form the group U(1). For f = 0 this formula gives the known expression for the κ = 1 SU(2)-monopole [7] :
Of course, forms (38) and (40) do not have singularities on the whole sphere. For f = f * = 1 forms (39) vanish. This shows that this configuration, which is also the extremum of the action, describes the trivial case of the SU(2)-monopole with κ = 0. Note that in the original form potentials (34) and (35) do not seem to be trivial. Of course, one can check that they are pure gauges and correspond to a flat connection, i.e. a connection with Ω = 0. Vanishing of gauge field 2-form (36) for this value of f confirms this.
The picture we have obtained is the following. For different homomorphisms τ n : H → G we have constructed different invariant connections given by Eqs. (32) , (34) and (35) . For n = ±1 or n = ±1 with f = 0 the connection describes the SU(2)-monopole solution with the monopole number κ = n. All SU(2)-monopoles on S 2 are reproduced in this way. As it was said above the solutions with numbers κ and (−κ) are gauge equivalent. In addition, there is a continuous 1-parameter family of invariant connections which passes through the configurations describing the SU(2)-monopoles with numbers κ = −1, κ = 0 and κ = 1 in the space of all connections of the theory. Connections from this family are described by Eqs. (34) , (35) , (38) and (39). Not all of these connections are gauge inequivalent. Classes of gauge equivalent invariant connections are labelled by values of |f |. Thus, |f | = 0 corresponds to the class of the κ = 1 monopole. The monopole with κ = −1 can be obtained from it by the gauge transformation with the constant matrix S = −iσ 1 , as it was explained above, and, hence, belongs to the same gauge class. Connections with |f | = 1 form the class describing the monopole with κ = 0.
Classification of fibre bundles
So far we have been discussing the classical aspects of gauge theories. One of the ways to quantize them consists in considering a functional integral of the type
is the classical action given by (8) or (10), N is a normalization factor and T (A) is some function or functional of the gauge field A. For example, T (A) can be a product of A-fields at different points or the traced holonomy for a closed path in M. In the first case integral (41) defines a Green function, whereas in the second case it gives the vacuum expectation value of the Wilson loop variable [8] . The measure DA is understood in a heuristic sense adopted in quantum field theory. The integral is taken over the space A of connections. In general A may consist of a number of components (or sectors) A α labelled by elements α of an index set B, α ∈ B. Then functional integral (41) is given by a sum over the elements of B, each term of the sum being the functional integral over the subspace of connections A α . The set of connected components of A is in 1-1 correspondence with the set of nonequivalent (i.e. which cannot be mapped one into another by a bundle isomorphism) principal G-bundles P (M, G) over manifold M. Let us denote this set as B G (M), i.e. B ∼ = B G (M). The problem of characterization of this set and classification of such bundles is considered in a number of books and articles. A method, which in many cases gives a solution to this problem and which we closely follow here, is discussed in lectures [2] and in Refs. [1] , [26] . Relevant results from algebraic topology can be found in [4, 30, 32] . Here we only outline the construction. We would like to note that in fact the considerations and the results in the rest of this section are valid for a more general case, namely when M is a path-connected CW-complex and not just a smooth manifold, and G is a topological group (see definitions, for example, in Ref. [32] ) 2 .
It turns out that for any topological group G there exists a space BG, called the classifying space, and a principal G-bundle EG = P (BG, G), called the universal Gbundle, such that every principal G-bundle P (M, G) is induced from EG, i.e. P = f * (EG) for some map f : M → BG [32] . Two homotopic maps M → BG induce equivalent bundles. The total space EG of the universal bundle is ∞-universal, i.e. π q (EG) = 0 for all q ≥ 1. The universal bundle is unique up to homotopy equivalence. Brown's theorem [32] implies that for any G there exists a CW-complex BG and a principal G-bundle EG = P (BG, G) such that for any CW-complex M there is an equivalence
By examing a certain exact homotopy sequence it can be shown that the base BG of the universal bundle satisfies the property [2] , [32] π q (BG) = π q−1 (G), q ≥ 1.
As an immediate application of this relation we obtain the classification of principal G-bundles over the sphere S n in terms of the (n − 1)th homotopy group of G:
In particular, B SU (2) (S 2 ) ∼ = π 1 (SU(2)) = 0, i.e. there is only one SU(2)-bundle with the base S 2 , namely the trivial one P = S 2 × SU(2). This result has already been mentioned in the previous section.
The question is how one can construct such universal bundles and characterize [M; BG] in terms of objects which can be calculated in a relatively easy way. It turns out that the Eilenberg -MacLane spaces play important role for this problem because of their special homotopic properties. Such spaces are often denoted as K(π, n), where π is a group and n is a positive integer, and are defined as follows: i)
K(π, n) is path connected;
ii) π q (K(π, n)) = π, if q = n, 0, if q = n.
If n ≥ 1 and π is Abelian, the space K(π, n) exists as a CW-complex and can be constructed uniquely up to a homotopy equivalence [30] . The property, which is crucially important for us, is the following:
where H n (M, π) is the nth singular cohomology group with coefficients in π [6] , [30] , [32] . A simple example is K(Z, 1) = S 1 .
Often the Eilenberg-Maclane spaces are infinite dimensional. The example important for us is the space CP ∞ which is a CW-complex. It is understood as the union (direct limit) of the complex projective spaces CP n of the sequence CP 1 ⊂ CP 2 ⊂ . . . [30] . Then π q (CP ∞ ) = lim j→∞ π q (CP j ) and π 2 (CP ∞ ) = Z, π q (CP ∞ ) = 0 for q = 2.
Thus, CP ∞ = K(Z, 2).
This space serves for the classification of principal fiber bundles with G = U(1) [2] , [19] . Indeed, consider the Hopf bundle S 2n−1 = P (CP n , U(1)), where the sphere is realized as
If the space M is of certain type, sequence (46) and relations (47), (49) become more concrete. Thus, if M is a two-dimensional differentiable manifold one can use known formulas for cohomology groups. For example, if π is abelian then (see [6] ) 1) for M compact and orientable
2) for M compact and not orientable
More expressions for cohomology groups of various two-dimensional surfaces can be found in Ref. [17] . In particular, for M = S 2 it is known that its first cohomology group H 1 (S 2 , π) = 0. Then from Theorem 1, Eq. (44) and the definition of the Eilenberg-MacLane spaces it follows that
This is in accordance with Eq. (43).
To finish our discussion of the result let us mention a classification of principal fibre bundles over two-dimensional compact orientable manifolds obtained by Witten in Ref. [38] . It is known that any connected Lie group G can be obtained as a quotient group G =G/Γ (see, for example, [3] , [14] ). HereG is the unique (up to isomorphism) connected and simply connected Lie group, called a universal covering group of G. Γ is a discrete subgroup of the center Z(G) ofG. Witten showed that principal G-bundles 
